We present the first null and model-independent CMB test of statistical isotropy using Multipole Vectors (MVs) at all scales. Because MVs are insensitive to the angular power spectrum C , our results are independent from the assumed cosmological model. We test all Planck temperature maps in the range ∈ [2, 1500], where the (anisotropic) instrumental noise can safely be neglected. All four masked Planck maps, both from the 2015 and 2018 releases, are shown to be in agreement with statistical isotropy. Even some of the full sky (i.e., unmasked) maps are consistent with isotropy, to wit: NILC 2015 and 2018, SMICA 2015 and 2018, and Commander 2015. On the other hand, both unmasked SEVEM 2015 and 2018 are ruled out as statistically isotropic at 80σ; in the unmasked Commander 2018 the anisotropy is blatant (∼ 6000σ), probably due to the simplified foreground model employed in this release. This shows that MVs can be a useful tool in the detection of residual foreground contamination in CMB maps and thus in determining which regions to mask.
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Introduction. Cosmic
Microwave Background (CMB) maps have been the best window to probe the hypotheses that the primordial perturbations were Gaussian and statistically homogeneous and isotropic. When these hypotheses are met, the multipolar coefficients of the CMB temperature map can be treated as random variables satisfying
Here, C is the angular power spectrum. If one neglects the presence of masks an estimator for the C is simply C = (2 +1)
CMB experiments have spent the last decades in pursuit of a precise measurement of this quantity. The WMAP mission successfully measured this quantity to the cosmic variance limit in the range 2 ≤ ≤ 600, showing a remarkable accuracy between theory (C ) and observations ( C ) [1, 2] . The Planck team then extended this task to the multipole range 2 ≤ ≤ 1800, confirming the predictions of the standard model with unprecedented precision [3, 4] .
In the standard framework, the C s are, at each , the variance of the distribution from which the primordial perturbations were drawn, and constitute both the only non-trivial statistical moment of a CMB map and the only quantity predicted by theory. Since each multipole has only 2 + 1 independent components, this imposes a fundamental lower-bound to the uncertainty in measuring the C s, and this is dubbed the cosmic variance. This means that in a typical Planck map, the over 3 million modes (a m s) measured in the cosmic variance limit are reduced to only 1800 numbers (C s): a data reduction of a factor of almost 2000.
Any fundamental extension of the standard cosmological model will modify Eq. (1), either by including extra off-diagonal terms and/or by introducing higher order correlations between the a m s. The challenge is that most of these generalizations will compress the a m s in a model [5] [6] [7] or geometrical [8] [9] [10] dependent way, and thus meaningful information could still remain undetected.
At the same time, there have been claims of possible anomalies in the CMB data (see [11] [12] [13] for reviews). These claims are hard to verify because they are mostly related to large-scales which have already been measured at the cosmic variance limit since WMAP. Thus one cannot settle the issue with just more observations of the same quantities. For instance, for the quadrupoleoctupole alignment [14] [15] [16] [17] most recent papers focused either on the study of possible systematics [18] [19] [20] , or on the signatures of alignments using galaxy catalogs [21] . Another issue with the study of anomalies is how to deal with the so-called look elsewhere effect: a posteriori selection of a small subset of the current 3 million modes of the CMB can lead to artificial low-probability statistics [22] .
In this paper we try to avoid these issues by making use of the Multipole Vectors (MVs) which offer a natural decomposition of functions in the sphere that directly allows model-independent tests of isotropy. We also choose only to analyse statistics which are motivated a priori and on three well motivated range of scales.
Fast Multipole Vector Calculations. MVs are an alternative representation to square-integrable functions on the sphere [23, 24] . In the case of CMB temperature (T ) or polarization (E or B-modes) fluctuations, each multipole ∆X can be uniquely specified in terms of unit and headless (multipole) vectors v as
where X = T, E or B, r = x 2 + y 2 + z 2 , λ is a constant and ∇ v ≡ v · ∇. Being vectors, they do not de-pend on external frames of reference, but instead rotate rigidly with the data. Moreover, all the information on C is contained in λ (see below), so the vectors do not depend on cosmology in the standard, Gaussian FLRW case. It is thus natural to think about the a m s as represented by the 2 + 1 numbers of the set
Previous CMB analysis using MVs have focused mostly on the low range of scales, 2 ≤ 50, and were mostly interested in their power to detect large angle statistical anomalies [15, 17, [24] [25] [26] [27] [28] . Here we will use these vectors to conduct, for the first time, a null test of statistical isotropy in the range 2 ≤ ≤ 1500. Multipoles 1500 are affected by the anisotropic instrumental noise [29] , so their inclusion is postponed to a future analysis.
Algorithms for extracting MVs from the a m s were given in [24, 30] (see [28] for a recent review on the existing algorithms). A much more elegant and faster algorithm was given in [31] [32] [33] , and is based in the fact that MVs can be identified with the roots of a random polynomial Q having the a m s as coefficients:
For each , this polynomial has 2 complex roots
However, only half of these are independent, since the other half can be obtained by the relation z → −1/z * . 1 Given a root z i , one can obtain the pair (θ i , φ i ) of coordinates of the vector by means of a stereographic projection z i = cot(θ i /2)e iφi . We have built a new Python code dubbed polyMV which uses MPSolve [34] to find the roots of Eq. (3) and convert a set of z i s into a set of (θ i , φ i ) coordinates. Computational time tests in obtaining all MVs at a given show that our code has computational complexity O( 2 ), compared to O( 3.5 ) of the ones in [24, 30] . In a simple 2015 desktop it takes less than 1 sec to extract all MVs at = 1000, compared to around 75 min and 22 h with the routines [24] and [30] , respectively. Our code comparison also served as a cross-check: the absolute difference between our MV values and those of [24] was only ∼ 10 −10 . The independence of the MVs on the C can be directly seen in (3) . By rescaling the a m s as a m = √ C b m , with b m b * m = δ δ mm , one obtains an equivalent class of polynomials R (z), all having the same roots as Q (z). By the same reason, the addition of Gaussian and isotropic noise to a CMB map will not change the statistics of the MVs, since the sum of Gaussian and isotropic variables is still Gaussian and isotropic.
If the a m s are drawn from a Gaussian, isotropic and unmasked random sky, the one-point function of the roots z i (i.e., the expected values z i ) follow a uniform distribution on the Riemann sphere [35] , so that the normalized 2 one-point function of the stereographic angles are P 1 (θ, φ) = (sin θdθ)(dφ/2π). In terms of the variables
this reduces to
Moreover, MVs at different multipoles are uncorrelated whenever the a m s are. However, vectors coming from the same multipole are strongly correlated, and will in general have all N -point correlation functions, with 1 ≤ N ≤ [32, 33] . In this work we will only estimate the one-point function which, as we will show, are already sensitive enough to the effects of anisotropic contaminants. The assessment of correlations among different multipoles will be made easier by means of a new statistical tool, which we shall soon present [36] .
The presence of masks will change the statistics of the MVs, and we resort to numerical simulations to estimate their distribution. In this letter we will focus on the Planck temperature maps in the range ∈ [2, 1500], where each mode is measured with a high S/N. We will not consider polarization in this first paper as both E and B-modes have (individually) low S/N. And since Planck has a highly anisotropic noise profile, this could lead to noise-induced anisotropies. Figure 1 show all MVs for the four full (unmasked) sky 2015 and 2018 Planck maps, as well as the MVs for two masked maps.
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Note that 2018 Commander MVs differs drastically from the 2015 ones. Indeed, as remarked by the Planck team, the use of full-frequency maps (as opposed to single bolometer maps) leads to a simpler foreground model employed to the Commander 2018 map, which includes only four different components in temperature, instead of the seven components used in the 2015 map [37] . The inclusion of the 2018 Common Mask makes them all indistinguishable among themselves and from the isotropic simulations (not shown explicitly). Figure 2 shows the effect of foreground masks on the distribution of the MVs. Because the relation between the a m s and the MVs are non-linear, the effect of a mask on the latter is counterintuitive, as confirmed by this figure.
Statistical Tests. In order to conduct a null test of statistical isotropy, we simulate 3000 CMB maps with N side = 1024, which are then masked with the (apodized) common temperature mask made available by the Planck team [37] . After extracting the a m s in the range ∈ [2, 1500], we obtain the MVs as described above. We verified that, while the addition of Gaussian and isotropic random noise to the a m s might eventually lead to drastic displacements of a few individual vectors (due to the ill-conditioning of the polynomials at some particular scales), it has no observable impact on their statistical distributions. This is expected as per the preceding discussion: such noise effectively equates to simple re-scaling of the C s.
For each simulation and at each , we obtain normalized histograms for the variables η and ϕ, which give an estimate of their one-point functions. From these histograms we compute the mean number of events at the i-th angular bin, and the mean covariance among bins, C ij . These quantities allow us to the define the (reduced) χ 2 function:
where x i stands for the number counts in the i-th bin of either η or ϕ. Although one can test the isotropy independently for each variable, we here focus on just the global quantity combining both:
This can be applied to any CMB map. Note that, because
x i = , not all bins are independent. We thus drop the last bin in the computation of each C ij , and use (N bins − 1) as the number of independent degrees of freedom. At this point, one would expect Eq. (6) to give χ 2 ≈ 1 when applied to an independent and identically generated CMB map. This expectation is only approximately met, reflecting the fact that the overall amplitude ofC ij has poorly converged after only 3000 simulations. We confirmed that χ 2 → 1 as the number of simulations increased. Even though the employed algorithm is efficient, running so many simulations at high-is still very intensive, so we chose a more feasible solution by generating control simulations to calibrate Eq. (6). We have thus generated 1000 additional (and independent) CMB maps to which we applied Eq. (6) . This gives us a mean theoretical χ 2 at each multipole, as well as the measure of the cosmic variance. Finally, we have chosen the parameter N bins to increase with , so that the binning scheme is fine enough to encompass the effects of a mask (see Figure 2) but not too fine, thus avoiding numerical instabilities in the inversion of the covariance matrix. We verified that the function below does the job:
where · denotes the ceiling function. Figure 3 summarizes the result of this analysis applied to the four 2018 masked Planck maps. We find a remarkable concordance between masked Planck data and the null statistical hypothesis. We stress that these results 500 1000 1500 
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Commander NILC SEVEM SMICA Table I . Goodness-of-fit of the data points of Figure 3 and their associated σ-values. The analysis was divided in three ranges of interest: Large scales ( ∈ [2, 30]), WMAP scales ( ∈ [2, 600]) and "All" scales ( ∈ [2, 1500]).
are totally independent of existing measurements of the C s, and thus of any of its claimed anomalies, as well as of the addition of isotropic instrumental noise, regardless of the amplitude of its spectrum. Table I gives the global goodness-of-fit of the data points in the Figure 3 with respect to the theoretical curve.
As a way to estimate the impact of systematics, residual foregrounds and instrumental noise, it is important to also test the isotropy of the four full sky Planck pipelines. We thus present the results of the same analysis constructed with full sky simulations and applied to full sky 2015 ( Figure 4 ) and 2018 ( Figure 5 ) Planck maps. We find that 2015 SEVEM and 2018 SEVEM and Commander maps are in flagrant disagreement with the isotropy hypothesis (see Tables II and III) , whereas both releases of NILC and SMICA are compatible with isotropy. Interestingly, all full sky maps are consistent with the isotropy hypothesis at large scales ( ∈ [2, 30] ), where most of known CMB anomalies were reported. This is not a counter-proof of existing C anomalies since, again, our results are independent of this quantity. Table II .
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Conclusions.
We have presented the first null and model-independent test of Statistical Isotropy using Multipole Vectors in all scales. Our results are completely independent of existing constraints on the angular power spectrum C , as well as of any residual isotropic instrumental noise. All four masked Planck pipelines are consistent with isotropy. Full sky maps are also isotropic, except for SEVEM 2015 and Commander and SEVEM 2018, which become anisotropic at 30. No deviation of isotropy was detect at large scales ( ∈ [2, 30] ), where most of CMB anomalies were reported. The differences between the two releases of Commander can be attributed to the simpler foreground model employed by the Planck team in the 2018 release [37] . Regarding SEVEM, both full sky releases show strong traces of residual contaminations, although the 2018 release shows a slight improvement (χ Table III .
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Commander NILC SEVEM SMICA fulness of MV analyses. They constitute a great blind tool in the detection of residual anisotropic contaminations in CMB maps, which are an indication of residual foregrounds. Therefore MV analysis can help determine which regions to mask. And since they can also be directly applied to polarization maps, all the applications discussed here extend to all primordial CMB maps. Clearly our results do not rule out all types of anisotropies. In fact, in this first analysis we are ignoring anisotropies that result on correlations between s or on changes in 2-point (or higher) statistics of the MVs in a given . These effects encompass a broad class of models, including astrophysical sources of anisotropies, aberration of the CMB and/or non-Gaussianities like lensing. Instead, our main focus was to build a simple and wellmotivated statistic as much as possible free of a posteriori selection effects. There was no guarantee that the data would pass this test, and the fact that it did favors the standard isotropic model. It also constitutes a new test that all anisotropic models must pass henceforth.
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